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Abstract
We prove that if a holomorphic one-form  in a neighborhood of a closed euclidian ball B2n ⊂ Cn, in the
n-dimensional complex a6ne space, de7nes a distribution transverse to the boundary sphere S2n−1 = @B2n,
then n is even and  admits a sole singularity q∈B2n. Moreover, this singularity is simple.
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1. Introduction and main results
Given a point p∈Rm and a real number r ¿ 0 we denote by Bm(p; r) the open ball of radius r
centered at p in Rm. The corresponding closed ball is denoted by Bm(p; r) and its boundary sphere
by Sm−1(p; r) = @Bm(p; r). The classical theorem of Poincar e–Hopf [6] implies that for a smooth
(real) vector 7eld X de7ned in a neighborhood of B2n(0; r) ⊂ R2n and transverse to the boundary
@B2n(0; r) = S2n−1(0; r) there is at least one singular point q∈ sing(X ) ∩ B2n(0; r). Moreover, if the
singularities of X in B2n(0; r) are isolated then
∑
Ind(X ; q)=1 where q runs through all the singular
points q∈ sing(X ) ∩ B2n(0; r) and Ind(X ; q) is the index of X at the singular point q. In [4] the
following version of this theorem is proved for holomorphic vector 7elds on Cn.
Theorem 0 ([4]). Let Z be a holomorphic vector 3eld de3ned in a neighborhood of the closed ball
B4(0; 1)={(x; y)∈C2; |x|2+ |y|26 1}. Assume Z is transverse to the boundary S3(0; 1)=@B4(0; 1).
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Then Z exhibits a unique singular point q∈B4(0; 1), which is a simple singularity in the Poincar#e
domain.
This result motivates the study of codimension one holomorphic foliations de7ned in open subsets
of Cn and transverse to spheres.
In this paper, we consider the more general situation of codimension one holomorphic distribu-
tions in open subsets of Cn and transverse to spheres. Our framework also includes non-integrable
distributions, i.e., distributions which are not tangent to holomorphic foliations. Before stating our
main results we shall give some de7nitions we use.
Given a holomorphic one-form  de7ned in the open subset U ⊂ Cn we may consider its corre-
sponding distribution Ker() in U de7ned at each point p∈U by Ker(p)={V ∈Tp(Cn); (p) ·
V =0}. If (p) = 0 then Ker()(p) is a (n−1)-dimensional linear subspace while if (p)=0 then
Ker()(p) = Tp(Cn) and we shall say that the distribution Ker() is singular at p. The singular
set of Ker() will be denoted by sing(Ker()) and coincides with the singular set sing() of .
The well-known theorem of Frobenius [1] implies that a holomorphic one-form  in an open
subset U ⊂ Cn, satisfying the integrability condition  ∧ d = 0 in U , de7nes a codimension one
holomorphic foliation F outside its singular set sing() ⊂ U . Dividing locally  by its zero locus
local equations, we may always assume that sing() has codimension ¿ 2, so that F extends to
a codimension one holomorphic foliation in U with singular set sing(F) = sing(). Thus, if the
one-form  is integrable or, equivalently, if the distribution Ker() is integrable then Ker()=TF
for a unique singular holomorphic foliation F of codimension one in U , having as singular set
sing(F) = sing(Ker()) = sing().
Including the non-integrable case we have the following de7nition of transversality.
Denition 1 (Transversality). Let  be a holomorphic one-form in the open subset U ⊂ Cn. Given
a smooth (real) submanifold M ⊂ U we shall say that Ker() is transverse to M if sing(Ker())∩
M = ∅ and for every p∈M we have TpM +Ker()(p) = Tp(R2n) as real linear spaces.
Remark 1 (Integrable case): Let  be a holomorphic integrable one-form de7ned in an open subset
U ⊂ Cn with corresponding foliation F. Given a submanifold M ⊂ U the distribution Ker() is
transverse to M if, and only if, for each p∈M we have p ∈ sing(F) and also Tp(Lp)+ Tp(M)=
Tp(R2n) (as real linear spaces); where Lp is the leaf of F that contains the point p∈M . Thus
Ker() is transverse to M if, and only if, the foliation F de3ned by  is transverse to M in the
ordinary sense.
Let us discuss De7nition 1 in concrete examples.
Example 1. Given the one-form  = z2 dz1 − z1 dz2 + 0 dz3 in C3 we have  · R˜ = 0, where R˜ =∑3
j=1 zj@=@zj is the radial vector 7eld in C3. In particular, R˜(p)∈Ker()(p); ∀p∈C3. This clearly
shows that Ker()(p) is transverse, as a linear subspace, to Tp(S5(0; r)) in R6 for every point
p∈ S5(0; r) of the sphere. Nevertheless, Ker() is not transverse to S5(0; r) because sing() ∩
S5(0; r) = {z1 = z2 = 0} ∩ S5(0; r) = ∅. The one-form above is integrable, however, a non-integrable
example can be easily constructed as follows: take =z2 dz1−z1 dz2+z4 dz3−z3 dz4+0 dz5. Clearly
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·R˜=0, where R˜ is the radial vector 7eld in C5 and sing()∩S9(0; r)={z1=z2=z3=z4}∩S9(0; r) =
∅. All this can be generalized as follows. Take f1; : : : ; fn :U → C holomorphic functions in a
neighborhood U of B2n(0; r) in Cn, n¿ 2. Suppose that in U we have the following condition∑n
j=1 zjfj ≡ 0. Then the holomorphic one-form  =
∑
j=1 fj dzj satis7es  · R˜ ≡ 0 for the radial
vector 7eld R˜ =
∑n
j=1 zj@=@zj. We can assume that cod sing()¿ 2. By condition  · R˜ ≡ 0 the
distribution Ker() contains a global section transverse to the spheres S2n−1(0; r). The question is
whether sing() ∩ S2n−1(0; r) is empty or not.
Denition 2 (Simple singularity): Let  =
∑n
j=1 fj(z) dzj be a holomorphic one-form in a
neighborhood of the point q∈Cn. We say that q is a simple singularity of  if fj(q)=0; ∀j=1; : : : ; n
and Det((@fj=@zi)(q))ni; j=1 = 0. We de7ne the gradient of  as the complex C∞ vector 7eld
grad() =
n∑
j=1
fj(z)
@
@zj
; (1)
where fj(z) is the complex conjugate of the holomorphic coordinate function fj(z). Given any
isolated singularity q∈ sing() we de7ne the index of  at q by
Ind(; q) := Ind(grad(); q): (2)
Remark 2. For an isolated singularity q∈ sing() of  as above we have Ind(; q) =
(−1)nInd(∑nj=1 fj(z) (@=@zj); q). A simple singularity is clearly isolated and has index ±1 [7].
1.1. The index theorem
Our main result is:
Theorem 1. Let  be a holomorphic one-form in a neighborhood U of the closed ball B2n(0; r)
in Cn, n¿ 2 and denote by Ker() ⊂ T (Cn) the corresponding holomorphic distribution. Assume
that Ker() is transverse to the boundary sphere S2n−1(0; r) then n is even and  has exactly one
singular point q∈B2n(0; r). Moreover, this singular point is simple.
Let us state some consequences of Theorem 1, beginning with the integrable case. We shall rely
on the following considerations. The well-known solution of the Cousin Multiplicative problem on
balls on Cn [3] implies that given a holomorphic codimension one foliation with singularities in a
neighborhood U of the ball B2n(0; r) ⊂ Cn, n¿ 2 we can 7nd a neighborhood B2n(0; r) ⊂ U ′ ⊂ U
such that F|U ′ is de7ned by a holomorphic integrable one-form  in U ′ with codimension of
sing()¿ 2. Therefore, when considering a codimension one foliation F in a neighborhood U of
a ball in Cn, we can always assume that F=F for some one-form  in U . As a consequence of
this fact we obtain from Theorem 1 the following:
Corollary 1. Let F be a codimension one singular holomorphic foliation in a neighborhood U of
B2n(0; r) in Cn, n¿ 2. If F is transverse to the sphere S2n−1(0; r) then n is even. In this case
sing(F) ∩ B2n(0; r) is a unique singular point which is simple.
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1.2. Radially saturated one-forms
We consider a holomorphic one-form  in a neighborhood U of the closed ball B2n(0; r) ⊂ Cn.
Denition 3 (Radially saturated): Denote by R˜=
∑3
j=1 zj @=@zj the complex radial vector 7eld in Cn.
We shall say that the one-form  is radially saturated if R˜∈Ker(), i.e., we have  · R˜ ≡ 0 in U .
Using this terminology we can state:
Theorem 2. Let  be a holomorphic one-form in a neighborhood U of B2n(0; r) in Cn, n¿ 2.
Assume that  is radially saturated and sing() ∩ S2n−1(0; r) = ∅. Then n is even and sing() ∩
B2n(0; r) consists of a unique simple singularity, i.e., the origin 0∈Cn. If n¿ 3 then  is not
integrable.
If we allow the singular set of  to intersect the sphere S2n−1(0; r) then we have integrable and
non-integrable examples in even and in odd dimension n¿ 2.
Example 2 (Linear case). We consider a linear one-form  =
∑n
i=1 (
∑n
j=1 aijzj) dzi, where A =
(aij) i; j=1n is a complex n×n matrix. It is not di6cult prove that if  is integrable then Ker() is
not transverse to S2n−1(0; r). Indeed, in the integrable case  would admit a linear holomorphic 7rst
integral and would not be transverse to the sphere by the Maximum Modulus Principle. Thus we may
assume that  is not integrable and Ker() is transverse to S2n−1(0; r). The singular set sing() is
discrete in B2n(0; r); therefore A is non-singular and sing() = {0} in Cn: If R˜=∑nj=1 zj (@=@zj) is
the radial vector 7eld then  · R˜=∑ni=1 (∑nj=1 aijzj)zi =∑i¡j (aij + aji)zizj +∑ni=1 aiiz2i . Therefore
 · R˜ ≡ 0 if, and only if, aij + aji = 0; ∀i; j i.e., A is skew-symmetric. In particular, if  · R˜ ≡ 0
then det(A) = det(At) = det(−A) = (−1)n · det(A) and therefore det(A) = 0 for n odd yielding a
contradiction in this case. This is, of course, a particular case of Theorem 1. Finally, we notice
that given any non-singular skew-symmetric matrix A= (aij)2mi; j=1 we can obtain a (linear) one-form
=
∑
i; j aijzj dzi in C2m which is radially saturated  · R˜ ≡ 0 giving more (non-singular) examples
(see also Section 4).
1.3. A transversality condition for non-degeneracy of holomorphic maps
The next result may be regarded as a transversality condition for non-degeneracy of holomorphic
maps.
Corollary 2. Let F :U → Cn be a holomorphic map (holomorphic vector 3eld) de3ned in a neigh-
borhood U of the sphere S2n−1(0; r) ⊂ Cn; n¿ 2. Suppose that:
(i) 〈F; R˜〉 ≡ 0, where R˜=∑nj=1 zj(@=@zj) and 〈; 〉 is the usual hermitian product in Cn.
(ii) F−1(0) ∩ S2n−1(0; r) = ∅.
Then F−1(0)∩B2n(0; r) is the origin 0∈F−1(0)∩B2n(0; r) and F is non-singular at this point, i.e.,
Det(DF(0)) = 0.
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Remark 3. By Hartogs’ extension theorem [2] both  and F extend holomorphically to a neighbor-
hood of the ball B2n(0; r). Thus, we may (and we will) always assume that B2n(0; r) ⊂ U .
Another way of rephrasing our results is the following:
Corollary 3. Let f1; : : : ; fn be holomorphic functions satisfying
∑n
j=1 zjfj ≡ 0 in a neighborhood
U of the ball B2n(0; r) in Cn, n¿ 2. Let V = {f1 = · · ·=fn =0} ⊂ U . We have two possibilities:
(i) V intersects every sphere S2n−1(0; r0); r06 r.
(ii) V ∩ S2n−1(0; r0) = ∅ for some radius 0¡r06 r. In this case V has dimension zero and V ∩
B2n(0; r) = {0} is the origin. Moreover Det((@fi=@zj)(0))ni; j=1 = 0.
1.4. Radially saturated algebraic subsets of Cn
Now we state some consequences on the geometry of certain algebraic subsets of Cn. We shall
need the classical Hilbert’s zero-theorem which we proceed to recall. Let f1; : : : ; fn ∈C[z1; : : : ; zn] be
polynomials in n complex variables (z1; : : : ; zn) and denote by J (f1; : : : ; fn) ⊆ C[z1; : : : ; zn] the ideal
generated by f1; : : : ; fn. Let J be an ideal in C[z1; : : : ; zn]. Recall that J is prime if given elements
f; g whose product fg belongs to J then f or g belongs to J. The radical of the ideal J is the
ideal
√
J = {f∈C[z1; : : : ; zn]; f‘ ∈J for some ‘∈N}. Finally, the variety of the ideal J is the
algebraic subset Var(J) = {p∈Cn; f(p) = 0; ∀f∈J}. Given any subset A ⊂ Cn, the ideal of A
is de7ned by Id(A) = {f∈C[z1; : : : ; zn]; f(p) = 0; ∀p∈A}.
The Hilbert’s zero-theorem states the following (cf. [2,3]):
(i) For any ideal J ⊂ C[z1; : : : ; zn] we have Id(Var(J)) =
√
J.
In particular, we obtain
(ii) If J ⊂ C[z1; : : : ; zn] is a prime ideal then Id(Var(J)) =J.
On the other hand, it is well known that
(iii) An ideal J ⊂ C[z1; : : : ; zn] is prime if, and only if, the variety Var(J) ⊂ Cn is irreducible.
In general, since any algebraic subvariety V ⊂ Cn admits a decomposition in irreducible com-
ponents, we can decompose ideals J ⊂ C[z1; : : : ; zn] in prime ideals in a suitable way (cf .[2,3]).
Therefore, we may assume that J (f1; : : : ; fn) ⊂ C[z1; : : : ; zn] is a prime ideal, what means that the
analytic subset V = {f1 = · · ·= fn = 0} is irreducible in Cn. We shall say that the algebraic subset
V ⊂ Cn is radially saturated if we have V={f1=· · ·=fn=0} for some polynomials fj ∈C[z1; : : : ; zn]
satisfying
∑n
j=1 zjfj ≡ 0 and V is irreducible in Cn.
Corollary 4. Let V ⊂ Cn be a radially saturated irreducible algebraic variety, say V = {f1 = · · ·=
fn = 0}, where f1; : : : ; fn ∈C[z1; : : : ; zn] satisfy
∑n
j=1 zjfj ≡ 0. Then 0∈V and we have, either
(i) V intersects every (2n− 1)-sphere S2n−1(0; r) in Cn, or
(ii) V = {0}. In this case, there exists a polynomial change of coordinates T :Cn → Cn such that
Tfj = zj j = 1; : : : ; n.
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The same proof gives the following result for polynomial one-forms in Cn:
Corollary 5. Let  =
∑n
j=1 fj dzj be a polynomial one-form on Cn with n¿ 3 and irreducible
singular set sing() on Cn. If the distribution Ker() is transverse to some sphere S2n−1(0; r) ⊂
Cn then n is even and the coe@cients of  are linear after some polynomial change of coordinates.
2. Preliminaries and gradient of a one-form
Given a holomorphic one-form  =
∑n
j=1 fj(z) dzj in a neighborhood U of the origin 0∈Cn
we have de7ned in the introduction the gradient of  as the complex C∞ vector 7eld grad() =∑n
j=1 fj(z)@=@zj. By construction, grad() is orthogonal to the distribution Ker() and ·grad()=∑n
j=1 |fj(z)|2. Given r ¿ 0 let S2n−1(0; r) ⊂ Cn be the sphere given by
∑n
j=1 |zj|2 = r2 and R˜ =∑n
j=1 zj@=@zj the (complex) radial vector 3eld. If we write zj = xj +
√−1yj in standard euclidian
coordinates then the real normal vector 7eld to S2n−1(0; r) is N˜ :=
∑n
j=1 (xj@=@xj + yj@=@yj). Given
any complex (not necessarily holomorphic) vector 7eld Z =
∑n
j=1 Aj@=@zj in a neighborhood of
S2n−1(0; r) a straightforward computation shows:
Lemma 1. Z is transverse to S2n−1(0; r) if, and only if, we have
∑n
j=1 zjAj = 0 everywhere in
S2n−1(0; r). In other words, Z ; S2n−1(0; r)⇔ 〈Z; R˜〉 = 0 in S2n−1(0; r), where 〈; 〉 denotes the usual
hermitian product in Cn.
We de7ne the tangency set of Z with S2n−1(0; r) as
Tang(Z; S2n−1(0; r)) := {z ∈ Sn−1(0; r); 〈Z(z); R˜(z)〉= 0}:
For Z = grad() as above (with  holomorphic) we have then
Tang(grad(); S2n−1(0; r)) =

z ∈ S2n−1(0; r);
n∑
j=1
fj(z) · zj = 0

 :
Let us therefore de7ne the auxiliary set
( :=

z ∈U ;
n∑
j=1
fj(z) · zj = 0

 :
Since  is holomorphic ( is an analytic (complex) subset of U ⊂ Cn with 0∈( and (complex)
dimension ¿ n− 1¿ 1. In particular ( ∩ S2n−1(0; r) = ∅.
From now on, in this section, we assume that Ker() is transverse to S2n−1(0; r). Since for any
p ∈ ( ∩ S2n−1(0; r) we have 〈R˜(p); grad()(p)〉 = 0 we obtain:
Lemma 2. The complex vector 3eld grad is transverse to the sphere S2n−1(0; r) outside ( ∩
Sn−1(0; r).
Since Ker() is transverse to S2n−1(0; r), we can take a su6ciently small real number )¿ 0 such
that the two vectors grad() and R˜ are C-linearly independent in *(r; 2))= {z ∈Cn; | |z| − r|¡ 2)}.
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Take a number C¿ 0 such that
C · r2¿max{|Re〈R˜(z); grad((z))〉|; z ∈*(r; ))};
where *(r; )) = {z ∈Cn; ‖z| − r|6 )}.
Choose now a C∞ bump-function ’:Cn → R such that:
(i) ’= C in *(r; )).
(ii) ’= 0 outside *(r; 2)).
(iii) 06’6 ) in Cn.
We introduce the complex vector 7eld Z of class C∞ on U by setting
Z := grad() + ’ · R˜: (3)
By the transversality of Ker() with the sphere S2n−1(0; r) the set sing(Z) ∩ *(r; 2)) is empty.
For the above choice of ’ we have:
Lemma 3. Z is transverse to S2n−1(0; r).
Proof. Outside V ∩ S2n−1(0; r) we have Z = grad hence Z is transverse to S2n−1(0; r) at these
points (cf. Lemma 2). Now, if p∈V ∩ S2n−1(0; r) then
〈Z(p); R˜(p)〉= 〈grad(p); R˜(p)〉+ ’(p)〈R˜(p); R˜(p)〉
= 〈grad(p); R˜(p)〉+ ’(p) · r2:
Let h:U → C be de7ned by h(z) = 〈R˜(z); grad(p)〉 =∑nj=1 zjfj(z). Then h is holomorphic and
by construction we have 〈Z(p); R˜(p)〉 = h(p) + ’(p) · r2 = 0, ∀p∈V ∩ S2n−1(0; r) for the above
choice of ’. Thus Z is transverse to S2n−1(0; r).
Let us denote by Jn the natural (almost) complex structure of Cn. We can write Z=12(X−
√−1JnX )
for C∞ real vector 7elds X and JnX in U with the property that
Jn(JnX ) =−X:
In usual coordinates we have
Z =
n∑
j=1
1
2
(gj(x; y)−
√−1 hj(x; y))(@=@xj −
√−1@=@yj)
+’(x; y)
n∑
j=1
1
2
(xj +
√−1yj)(@=@xj −
√−1 @=@yj)
and
X =
n∑
j=1
((gj @=@xj − hj @=@yj) + ’(x; y)(xj@=@xj + yj @=@yj));
JnX =
n∑
j=1
((hj@=@xj + gj@=@yj) + ’(x; y)(−yj@=@xj + xj@=@yj)): (4)
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Since by Lemma 3 the vector 7eld Z is transverse to S2n−1(0; r) we obtain a real C∞ vector
7eld -(z) = a(z)X (z) + b(z)JnX (z) de7ned in a neighborhood of S2n−1(0; r) which is transverse to
S2n−1(0; r). The section -∈TZ is de7ned by a map
A : S2n−1(0; r)→ R2 − {0}; A(z) = (a(z); b(z)):
Using the triviality of the homotopy group /2n−1(R2−{0})= 0 for n¿ 2 (cf. [8]) we obtain that A
admits an extension to a map A˜:B2n(0; r)→ R2−{0}. This map can be assumed to be of class C∞
in a neighborhood W of B2n(0; r). Write A˜(z)=(1(z); 2(z)) and de7ne -˜(z) := 1(z)X (z)+2(z)JX (z)
in B2n(0; r).
Then -˜ = - in a neighborhood of S2n−1(0; r), therefore -˜ is transverse to S2n−1(0; r). Thus we
have proved
Lemma 4. There exists a C∞ real vector 3eld -˜ = 1X + 2JX in a neighborhood W of B2n(0; r)
and transverse to S2n−1(0; r). The vector 3eld points inward at each point of S2n−1(0; r).
By the Poincar e–Hopf Index theorem [6] we have
1 = 3(B2n(0; r)) =
∑
q∈sing(4)∩B2n(0;r)
Ind(4; q)
for any continuous (real) vector 7eld 4 on W pointing inward S2n−1(0; r) and with isolated singular
points in B2n(0; r). We will apply this to 4 = -˜, but 7rst we study the singularities of -˜. We have
-˜(z) = 1(z) · X (z) + 2(z) · JX (z)∈ grad() + ’ · R˜, therefore it is easy to see that
sing(-˜) ∩ B2n(0; r) = sing(X ) ∩ B2n(0; r)
= sing(grad) ∩ B2n(0; r)
= sing() ∩ B2n(0; r):
Now, since by hypothesis Ker() is transverse to S2n(0; r), the analytic set sing() ∩ B2n(0; r)
cannot contain an irreducible component of dimension ¿ 1 (such a component would intersect the
boundary @B2n(0; r)=S2n−1(0; r) by standard property of analytic subsets of Cn, n¿ 2); and therefore
sing() ∩ B2n(0; r) is either empty or a 7nite set of points, say sing() ∩ B2n(0; r) = {q1; : : : ; q‘}.
Since sing(-˜) ∩ B2n(0; r) = sing() ∩ B2n(0; r) we obtain by the Poincar e–Hopf Theorem.
Lemma 5. The singular set sing()∩B2n(0; r) is discrete and non-empty, say sing()∩B2n(0; r)=
{q1; : : : ; q‘}. Moreover, we have
∑n
j=1 Ind(-˜; qj) = 1.
We shall now compute the index of the vector 7eld -˜ at each singularity, beginning with the
non-degenerate case.
Lemma 6. Let q5 be a non-degenerate singular point of -˜. Then Ind(-˜; q5) = (−1)n.
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Proof. In a neighborhood U5 of q5 in B2n(0; r) we have -˜= 1X + 2JX
X =
n∑
j=1
gj@=@xj − hj@=@yj and Y = JX =
n∑
j=1
hj@=@xj + gj@=@yj:
If we think of -˜|U5 as a map 7:U5 → Cn, given by z → (71(z); : : : ; 7n(z)) then
Ind(-˜; q5) = signal of Det(Jac(7)(q5))
provided that Det(Jac(7)(q5)) = 0. On the other hand, 7= (71; : : : ; 7n), where
7j = (1gj + 2hj;−1hj + 2gj)∈R2  C:
Therefore, straightforward computations show that Jac(7)(q5) is of the form Jac(7)(q5) = [Aij]ni; j
where each block Aij is of the form
Aij =


1
@gj
@xi
+ 2
@hj
@xi
1
@gj
@yi
+ 2
@hj
@yi
−1 @hj
@xi
+ 2
@gj
@xi
−1 @hj
@yi
+ 2
@gj
@yi

 (q5)
(note that -˜(q5) = 0⇒ gj(q5) = hj(q5) = 0).
Thus
Det(Jac(7)(q5)) = (−1)n|1(q5) +
√−12(q5)|2n ·
∣∣∣∣∣Det
(
@gj
@xi
+
√−1 @gj
@yi
)
i;j
(q5)
∣∣∣∣∣
2
;
where we have use the Cauchy–Riemann equations @gj=@xi = @hj=@yi, @gj=@yi =−@hj=@xi.
Therefore, Det(Jac(7)(q5)) = 0 if, and only if, the matrix M = (@gj=@xi +
√−1 @gj=@yi)i; j(q5) is
non-singular. But, since q5 is a non-degenerate singular point of -˜ necessarily M is non-singular and
therefore the signal of Det(Jac(7)(q5)) is (−1)n.
Now we proceed to calculate the index of -˜ at a degenerate singular point q5 ∈{q1; : : : ; q‘}. Note
that in a neighborhood V5 of q5 in B2n(0; r) we have -˜= 1X + 2
√−1JX as in Lemma 4 and recall
that grad() =
∑n
j=1
Nf j(z)@=@zj, thus, since (f1; : : : ; fn) is a holomorphic map, we conclude that
Ind(-˜; q5) = (−1)nInd

 n∑
j=1
fj(z)@=@zj; q5

 :
Denote by On;q5 the local ring of germs of holomorphic functions at the point q5 in Cn (cf. [3]). As
it is well known [7] we have
Ind

 n∑
j=1
fj@=@zj; q5

= dimC
(
On;q5
{f1; : : : ; fn}
)
¿ 1
with strict inequality if and only if q5 is a degenerate singularity of
∑m
j=1 fj(z)(@=@zj).
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Thus we have nearly proved:
Lemma 7. (1) If n is even then ‘= ][sing(-˜)∩ B2n(0; r)] = 1, in particular q1 = sing(-˜)∩ B2n(0; r)
is a simple singularity of -˜ and has index 1.
(2) If n is odd then Ker is not transverse to S2n−1(0; r).
Proof. Assume that n is even. Then, from what we have seen above, for any singular point q5 of -˜
we have Ind(-˜; q5)¿ 1. Since
∑‘
5=1 Ind(-˜; q5)=1 we conclude that ‘=1, that is, sing(-˜)∩B2n(0; r)=
{q1}, Ind(-˜; q1) = 1 and (by the above remark) q1 is a simple singularity for
∑n
j=1 fj (@=@zj) and
therefore for
∑n
j=1
Nf j(@=@zj). This shows that q5 is simple for -˜ and proves (1).
Now we assume that n is odd. In this case, as we have seen above, Ind(-˜; q5)6− 1, for any 5;
this contradicts the index formula
∑‘
5=1 Ind(-; q5) = 1.
3. Proof of the main results
In this section we prove our main results. We begin with Theorem 1.
3.1. Proof of Theorem 1
By Theorem 0 in the introduction, we may assume n¿ 3. If n is even then we have seen that
sing(-˜) ∩ B2n(0; r) is a single point which is a simple singularity for -˜. Since we have already
observed, sing(-˜) ∩ B2n(0; r) = sing() ∩ B2n(0; r). Therefore, sing() ∩ B2n(0; r) is a single point
q∈B2n(0; r). Moreover, in the course of the proof of Lemma 6 we have stated that the matrix
M =
(
@gj
@xi
(q) +
√−1 @gj
@yi
(q)
)n
i;j=1
is non-singular and therefore the matrix (@fj=@zi(q))ni; j=1 is non-singular by the Cauchy–Riemann
equations.
3.2. Proof of Theorem 2
Let  be a radially saturated holomorphic one-form with sing() ∩ S2n−1(0; r) = ∅. Then clearly
Ker() is transverse to S2n−1(0; r) and applying Theorem 1 we conclude that sing()∩B2n(0; r) is
a simple singularity. Moreover, we notice that sing() ∩ B2n(0; r) = {0}, as a consequence of the
equation
∑n
j=1 fj(z)zj=0 and of the fact that  has only one singular point in the ball B
2n(0; r). Now
we assume by contradiction that n¿ 3,  is integrable and radially saturated. We are in dimension
n¿ 3, and the origin is an isolated singularity for , thus by a theorem of Malgrange [5] there
exists a non-constant holomorphic function f in a neighborhood of the origin such that ∧df ≡ 0.
But, since  · R˜ ≡ 0 necessarily we have df(R˜) ≡ 0. A straightforward computation with the Taylor
expansion of f around the origin shows that f is constant and gives a contradiction.
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3.3. Proof of Corollary 2
Let F :U → Cn be a holomorphic map (holomorphic vector 7eld) in a neighborhood U of the ball
B2n(0; r) ⊂ Cn; n¿ 2 and satisfying conditions (i) and (ii) in the statement. Write F = (f1; : : : ; fn)
in coordinate functions in Cn with coordinates (z1; : : : ; zn). Then  =
∑n
j=1 fjdzj is a holomorphic
one-form which satis7es the following:
a.  is radially saturated because :R˜=
∑n
j=1 zjfj = 〈F; R˜〉 ≡ 0 by hypothesis.
b. sing() ∩ Sn−1(0; r) = ∅ by (ii), because sing() = F−1(0).
We apply Theorem 2 and obtain that F−1(0) ∩ B2n(0; r) = sing() ∩ B2n(0; r) = {0} is a simple
singularity of , hence Det(DF(0)) = 0.
3.4. Proof of Corollary 4
Suppose V has positive dimension. Since V is irreducible and contains the origin, V has non-empty
intersection with every sphere S2n−1(0; r) and we are in case (i). Assume now that V has dimension
zero, that is, V is a discrete set. Clearly there is some sphere S2n−1(0; r0) ⊂ Cn with V∩S2n−1(0; r0)=
∅. De7ne  :=∑nj=1 fj dzj then sing() = V and we have:
(1) sing() ∩ S2n−1(0; r0) = ∅.
(2)
∑n
j=1 zjfj ≡ 0 and the one-form  is radially saturated.
Theorem 2 therefore implies that sing()∩B2n(0; r0)={0} which is a simple singularity and also n is
even. Since sing() is irreducible it follows that sing()={0} in Cn. Thus we have {f1= · · ·=fn=
0}= {z1 = · · ·= zn=0}. In the terminology of Hilbert’s zero-theorem we have Var(J (f1; : : : ; fn))=
Var(J (z1; : : : ; zn)) and by the Hilbert’s zero-theorem
J (f1; : : : ; fn) = J (z1; : : : ; zn) = C[z1; : : : ; zn] \ C:
Therefore, f1; : : : ; fn are polynomial combinations of z1; : : : ; zn and conversely.
4. A new problem
The following comes from Example 2. In C2m with coordinates (z1; : : : ; z2m) we de7ne  :=∑m
j=1 (z2j dz2j−1 − z2j−1 dz2j). This holomorphic one-form satis7es the non-integrability condition
 ∧ d = 0: indeed, d =−2 ∑mj=1 dz2j−1 ∧ dz2j therefore
 ∧ d =−2z4 dz1 ∧ dz2 ∧ dz3 − (· · ·) = 0:
Also the distribution Ker() is holomorphic and transverse to the sphere S4m−1(0; 1): indeed, the
radial vector 7eld R˜ =
∑m
j=1 (z2j−1@=@z2j−1 + z2j@=@z2j) satis7es  · R˜ ≡ 0 and R˜ is transverse to
S4m−1(0; r).
Remark 4. It is not di6cult to prove that if  is an homogeneous integrable one-form in C2m; m¿ 2
then Ker() is not transverse to S4m−1(0; 1).
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The above example and Remark 4 motivate the following problem:
Problem 1. Characterize or classify holomorphic one-forms  in C2m which satisfy the following
conditions:
 ∧ d ≡ 0;
Ker() is transverse to S4m−1(0; 1):
We also recall the original question
Problem 2. Is there any codimension one holomorphic foliation (i.e., integrable distribution) F in
a neighborhood U of 0∈Cn in dimension n¿ 3, which is transverse to a sphere S2n−1(0; r)?
So far, we know that we must have n = 2m with m¿ 2. Therefore the 7rst possibility is the
7-sphere S7(0; r).
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